TW

stichting
mathematisch
centrum MC

TW

AFDELING TOEGEPASTE WISKUNDE TW 133/72 APRIL

T.H. KOORNWINDER

THE ADDITION FORMULA FOR JACOBI POLYNOMIALS

Il THE LAPLACE TYPE INTEGRAL REPRESENTATION AND
THE PRODUCT FORMULA

2e boerhaavestraat 49 amsterdam

Al RS CEN?RUH

M
pBLIOTHERE AMSTERDAM




the M
atical

ns. 1t
5 Orga
Ledlpal
nivenrs.

tical Centre, 49,

e, founded the 11-.
ing at the promoti
onsorned by the Net
on forn the Advance
Amstendam, by the
Ams terdam, and by

rnhaavesthaat

Februarny 194
pure mathema
ds Govesrnmen
4 Pure Resea

ity of Ams.
thies.

ms tend

a non-
nd Lt
ugh th
W.0.)
» by




ract

This report contains the necessary preparations for a proof of th

tion formula for Jacobi polynomials. Let Q. be the unit sphere in

2q
mplex vector space c? with hermitian inner product and with unitar;
p U(q), then Q2q is a homogeneous space U(q)/U(g-1). The class

(m,n) of surface harmonics of type(m,n) on Q. , introduced by

2q
a is invariant and irreducible under U(q). Here, new proofs, based

rthogonality, are given for certain properties of these surface
onics. Especially, it is proved that a zonal surface harmonic of

(m,n) equals

i(m-n)é ( )Im—nl P(q—2,|m—n|

min(m,n) (cos 28)

const. e cos 6

a suitable choice of coordinates in Q2q

he kernel function for harm(m,n) gives the first stage of the

. The explicit expression

tion theorem. Finally, a Laplace type integral representation and

oduct formula are derived for the zonal surface harmonics.







ntroduction

This report is the second one in a series of papers

ing with the addition formula for Jacobi polynomials. In the first

r [11] the main results were announced. The present paper contains
necessary preparations for the proof of the addition formula.
hermore, a Laplace type integral representation and a product

ula are derived for the spherical functions on a certain homogeneous
e. These results include the formulas (1) and (2) in [11] for Jacobi

ia’O)(x). In a third paper [12] the proof of the addition

nomials P
ula will be completely settled.

In the classical theory of spherical harmonics functions are

ied on the unit sphere in a real vector space, where the rotation

p acts as a symmetry group. In a similar way, one can study func-

s on the unit sphere in a complex vector space with Hermitian inner
uct, where the group of unitary transformations acts as a symmetry
p. This approach is due to Ikeda [8].

Let C% be a complex vector space with unit sphere ng and with

p of unitary transformations U(q). Then, the subgroup of unitary

sformations which leave one point of Q. fixed is U(g-1) and the

2q
re qu can be identified with the homogeneous space U(gq)/U(q-1).
tions on Q. invariant under U(q-1) are called zonal functions. It

2q
s out that there exists an orthogonal decomposition for the function

12(

w

Q2q) into certain subspaces harm(m,n) (m,n integers > 0),

h are invariant and irreducible under U(q). The functions
arm(m,n) are called surface harmonics of type(m,n). The zonal

tions in harm(m,n) are:

i(m-n)¢ (cos e)lm—n| P(q-—2,|m-n|)

) ®(6,9) = const. e min(m,n

(cos 28).

this formula a suitable coordinate system of ng is chosen. In

ner terminology (cf. Helgason [T], p. 398) these functions are
2d the spherical functions on the homogeneous space U(q)/U(q-1).
Functions on §

2q
s T = el¢ I can also be considered as functions defined on the

which are invariant under the unitary transforma-




ex projective space SU(q)/U(g-1). Functions belonging to harm(n,n)
fy this property and the only zonal surface harmonics of this

are

(Q‘Eso)

(cos 286).
n

®(8) = const. P
ce harmonics on a complex projective space have been studied by
a ([2] and [3]1). It is of interest to remark that the complex
ctive space SU(q)/U(g-1) is a symmetric space (cf. Helgason [T])
atrast with the sphere U(q)/U(gq-1). Anyhow, we need the larger
U(q)/U(g-1) in order to obtain the full addition formula for
i1 polynomials.
[f in formula (1.1) x = cos 6 cos ¢ and y = cos 6 sin ¢ is taken
the functions ¢ form an interesting class of orthogonal polynomials
2 two variables x and y. In the case q = 2 these polynomials were
2d by Zernike and Brinkman [16], but the case of general q seems
unnoticed until now. The product formula which is obtained for
polynomials in the present paper leads to a convolution structure
1lizing the convolution structure for Jacobi series (cf. Gasper
This convolution structure will be examined in a subsequent paper.
"he methods and results in this and the following paper all have
analogues for classical spherical harmonics (cf. Erdélyi [5],
Iy, Miller [13] and Vilenkin [15], Ch. 9). The fundamental concepts
.s paper are taken from Ikeda [8]. Some of the results in sections
3 were obtained earlier by Ikeda [8], Ikeda and Kayama [9] and
and Seto [10]. However, we preferred to make this paper rather
:ontained for two reasons. Firstly, the publications [8] and [9]
ither unknown and difficult to obtain in this area of the world.
lly, most of our proofs use orthogonality properties, while Ikeda
1s his results by solving certain differential equations. In our
m, orthogonality methods are more elegant in the case of a com-
jpace.
‘n section 2 of this report the fundamental concepts are presented
, 1s established that the spaces harm(m,n) are orthogonal to each

In section 3 it is proved that the zonal functions in harm(m,n)




given by (1.1) and the addition formula is derived for an arbitrary
snormal base of harm(m,n). The irreducibility and completeness of
spaces harm(m,n) are proved by using this addition formula. Section U
s with the Laplace type integral representation and product formula
the functions given in (1.1). The methods of proof are similar to

= in Braaksma and Meulenbeld [1] and Dijksma and Koornwinder [L4],
sctively.

In the next report [12] of this series of papers a canonical
>normal base for the space harm(m,n) will be constructed and, by

g this base, the addition formula given in section 3 of this report
be specified. By a simple argument the addition formula for general
3) is then obtained and the product formula and Laplace type formula
re general case follow easily from this result (formulas (3), (2)
(1) in [111).

Recently, R. Askey communicated to the author that a certain

tity for Jacobi polynomials can be proved from (1) and (2) in [11].
averting Askey's argument the author was able to obtain the product
ila (2) from the Laplace type formula (1). Earlier, Askey had al-

y pointed out that (1) can be proved in an elementary way. Finally,
author derived the addition formula (3) from (2) and G. Gasper

i formula (3) by another elementary approach. These elementary

fs of (1), (2) and (3), in which no group theoretical methods are

, will appear in several publications by Askey, Koornwinder and

sr, respectively.
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eliminaries

In this section the definition is given of surface harmonics on
nit sphere in a complex vector space and a number of elementary
rties are derived. Most of the ideas and results in this section
ue to Ikeda [8] (part I).

Let ¥ be a g-dimensional complex vector space with Hermitian
product. If z = (z1,z2,...,zq) and w = (W1,W2,...,Wq> are element

then the inner product is

=z W, + ...+ .

(z,w) Z,W, quq

roup of linear transformations of c? which leave this inner produc
iant (the unitary transformations) is denoted by U(q). U(q) is a
ct and connected Lie group.

Let ng be the unit sphere in c%. The group U(q) is a transitive

formation group of Q

2q"
ition. A function & on ng belongs to the class hom(m,n) if it is
estriction to 2, of a polynomial

2q

F(z,z) = F(z1,z2,..ﬁ,zq,§1,22,...,Eq)

is homogeneous of degree m in its g complex variables Zy and

eneous of degree n in its g complex variables Ek'

In this definition, by the restriction of F to qu is meant that

z ng and £ is the complex conjugate of £.

The variables z and z of the polynomial F(z,z) may be formally
lered as independent complex variables. But, since F(z,z) is a
omial, it is completely determined by its values in the case that

z are complex conjugates. The mapping F - ¢ given by (2.2) is




2tive, for F can be expressed as

|z|m+n ®( Z )

|z |

1e vectors z and z are complex conjugates.

) F(z,z) =

If ¢ € hom(m,n) and if it is the restriction of the polynomial F

it is also the restriction of the polynomial

2, there is the inclusion
) hom(m,n) © hom(m+1,n+1),

A natural representation of the group U(q) in hom(m,n) is given

) (Te)(£) = o(T”'g) (ocnom(m,n), TeUla), £ef, ).

is the restriction of the polynomial F then T® is the restriction

1e polynomial

-1 1=

)  TF(z,z) = F(T z,T z),
: T is the complex conjugate of T. Hence, the function T® also

1gs to hom(m,n). The class hom(m,n) is invariant under unitary

;sformations.
For the particular unitary representation T = e_l¢ I we have
) a(e*? g) = llm-n)o o(£) (¢ehom(m,n), £en,_ ).

2q

follows from (2.6) and the homogeneity of the polynomial F.
In order to obtain the dimension of hom(m,n) we note that a base

iom(m,n) is given by the restrictions to Q. of the polynomials

2q




i, i i3, 9, J
1 "2 q =Y1 =Y2 -Yq
Z.,I 22 “ o Zq Z_l 22 P Zq

i, and jk are non-negative integers such that
i, +i_+ ... +1 =m and j1 +J,Ft ..o +J =n.

2 q

, for the dimension M(q;m,n) we have
M(q3m,n) = M(q;m) M(q;n)
M(q;l) is given by the partition formula

1
M(q3;1) x™.
0

(1+x+x°+...)% =
1

Il o~ 8

2an be rewritten as

1= E M(q;1) x* (|x[<1).
(1-x)%  1=0

Llows that

(m+q-1)(n+q—1)

M(qsm,n) = dim(hom(m,n)) = a1 4

p. 22) and

! T - Z M(qim,n) x° yn (Ix]<1, |y|<1).
(1-x)%(1-y) m,n=0

.tion. A solid harmonic of type (m,n) is a polynomial

H(z,z) = H(z1,22,...,z

,51,5 )

q 2°°' "%
is homogeneous of degree m in its g complex variables ZysZnseessZ
mogeneous of degree n in its ¢ complex variables 21’22""’Zq

iich satisfies




a2 a2
0) (——— + ... + —) H(z,Z) = 0.
9z ,02 0z 92
1 a q

differentiation can be performed in a formal way.)

nition. The class harm(m,n) consists of all functions on ng which

the restrictions to qu of solid harmonics of type (m,n). These

tions are called surface harmonics of type (m,n).
It is evident from these definitions that
1) harm(m,n) < hom(m,n),

harm(m,0) = hom(m,0) and harm(0,n) = hom(O,n).
The differential operator in formula (2.10) is invariant under
ary transformations. Hence, a natural representation of U(q) in
(m,n) is given by formula (2.5).

For a non-trivial example of a solid harmonic of type (m,n) con-

¢ the polynomial

- , m - - \n
> = +.. 0¥ e .
2) H(zéz) (a1z1 aqzq) (b1z1 quq)

a.b, + ... +ab =20

171 qQq

H satisfies formula (2.10).
Let us write z € cd as

z = x + iy = (x1+1y1, N FUREEE Xq+lyq)'

, ¢ may be considered as a 2q-dimensional real vector space with

linates x1,y1,x2,y2,...,xq,yq. If 2z =x + iy and z' = x' + iy'

18 to c? then the expression

q
Rel(z,z')] = ) (ka'+yky£)
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es a real inner product on qu.

ry transformations of c? leave this
s orthogonal transformations of qu.
Let the function

H(z,z) = H(x1+iy1, cens xq+iyq, X

solid harmonic of type (m,n). It is

n its 2q variables L IPNRE NS PETERIS
32 1 % 32 5
o v L)
k=1 Szkazk k=1 Bxk ayk

also a harmonic function. Hence, th

mplex-valued) spherical harmonic of

The rotation-invariant surface eleme

ed by dwgq' For the total surface w2

o _ 2wq
2q  (g-1)!

If ¢ and y are square-integrable fun

itian) inner product is defined as

) (0,¥) =J
ng

o(g) v(g) dw, (g

2q
llows that for T € U(q)
) (To,Ty) = (o,v).

sition 2.1. Let 8, € harm(m1,n1) and
(m1,n1) # (mg,ng). Then

product invariant and

A
* *q yq)
¥y homogeneous of degree

nd, since

riction of H to @ is
2q

m+n in the classical

2q will be

dw it 1s well-known

2q
2q

the sphere Q

on Q then their
2q

harm(mg,nz) and suppose




f. If m, + n, # m,,

sical spherical harmonics of different degrees (cf. Miiller [13],

a 2).

+ n, then we use the orthogonality property for

"id’
= <+ - P . =
If m1 + n1 m2 n2 then m, n1 # m2 n2 For T e I we

lude from (2.15) and (2.7) that

i ((my-n,)=(my=n,)
= - 171 2 2
(8,58,) = (T5,,15,) = e (5,55,

all ¢. Hence, (81,8 = 0.

5)
This proposition was proved in [9], p. 99, by using an explicit
for harm(m,n).

Let e be the k-th unit vector in C%. The subspace Cq_k is define«

ae orthoplement of e1,e .. and the subsphere Q

pre oty
cdk

aed as the intersection of qu and

2q-2k *°
. Let the subgroup U(q-k)

ist of all T € U(q) which leave the vectors e,se ..,e  fixed.

k
2q-2k and

. tati . . . . i
2s the rotation i1nvariant measure dw2q-2k on QEq—Ek invariant

Except for a set of lower dimension the elements £ € ng can be

2°°
sroup U(g-k) is a transitive transformation group of

ssented in a regular way as

¢

+ sin 8 &'

5) £ =cos 6 e e,

£' € qu_2, 0 <6 <7/2 and ¢ € R mod.2n. In terms of these co-
1ates the line element on ng is

1) (a5)° = (a8)® + (cos 8)° (a9)® + (sin 8)° (ag")?

;he surface element is

3) dwéq(g) = cos 8 (sin 6)2q_3 das d¢ dwzq_g(g').

uition., For fixed a > -1 and B > -1 Jacobi polynomials P;a’s) are

iomials of degree n such that




(o

) P
Ne wil
(o

) R
Pinally
m A

o€ use(

ion

+x)° &

nax(m,:




1N

urface nics a addit rmuls
ly, zo netion their - ates w
. Let conti functi Q. . @
f
TE) = 1Te" s & €
al fun ® only ds on - ner pr
coordi define 2.16), ve
£) = ¢ el¢ e nog'
=9 el¢ e n o e2
itable format € Ulq ps &'
is a on f(z tinuou he clo
X plan h that
i
g) = f e*?) )
Let zonal ion an
g) =f )).
n e 92 trans (g,n) ) is 4
E,ﬂ) = n))-
obvio m this ition
TEZ,Tn) ) TelU
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®(5,61) = o(g).

Conversely, if ¢(&,n) is a continuous function on Q2q x ng
satisfies (3.1) then the function (&) defined by (3.2) is a

function which has ®(&,n) as translate.

3.1. (First stage of the addition theorem). Let V be a complex
r space of continuous functions on 92q which is invariant under U(«
inite dimension N > 0. Then there is a unique non-zero zonal

ion ® in V such that for every orthonormal base {S1,82,...,SN}

).

N
Q(Ean) = S (E) S (n) (gsnEQ
k£1 k k 2q

srmore, the identity

@(e1) “2q =N is valid.

. Let the function ¢(£,n) be defined by (3.3); it is independent
: choice of the orthonormel base. The unitary transformation ’I‘_1
;he orthonormal base {81""’SN} onto the orthonormal base

,...,T—1SN}, hence identity (3.1) holds for &(&,n) and the

7
.on

o(£) = a(g,e,)

ial. It is apparent from (3.3) that this function &(£) is in V.
'or the proof of (3.4) note that

4) the function ®(&) is a non-zero function.
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Let V and ® be as in lemma 3.1. From (3.3) we derive

N N
JQ 2(0) 12wy = [ 8T syey JQ s, (2) 5087 av,
2q 2q
N
= k£1 Sk(e1) Sk(e1) = @(e1,e1) = ¢(e,)

S
el
Hl=

w2q

2 3.2. Let ¢ be a zonal function belonging to hom(m,n). Let

Q2q be expressed as in formula (2.16). Then there exists a polynom:

degree < m A n such that

j-n|

i(m—n)¢ (

cos 8) p(cos 28).

) e(g) =e

f. Application of formula (2.7) gives

14

d(cos 6 e T e, + sin 6 £') =

o(z) 1

= el(m—n)¢ d(cos B e, + sin 6 e_l¢ £')

svery real Y there exists a transformation T e U(g-1) which maps

£!' on elwez. It follows that

o(cos 8 e, + sin 6 etV e2)

i(m-n)¢

o(g) = e

all ¢, hence

o(g) = ei(m-n)¢ l—-) o(cos B e, + sin o 1V e2) ay.
. 0
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be the restriction of the polynomial F(z,z) as given by formula

» then

d(cos 6 e, + sin 6 elw e2) =
= F(cos 6, sin 9 elw, Oy vvv, O, cos B, sin 6 e_lw, 0, «+v., 0) =
m n . .
= z z 8, l(cos G)m_k (sin © elw)k (cos e)n'l (sin © e_lw)l =
k=0 1=0 ?
m n .
+n—k— -
= z Z & l(cos )™ k-1 (sin 6)k+l el(k l)w.
k=0 1=0 ?
ing this expansion we obtain
. 2m .
b(g) = el(m—n>¢ L o(cos 6 e, + sin 6 eV e ) dy =
om 0 1 2
i(m-n)¢ mAn m+n-2k . 2k
= e Z a. . (cos 8) (sin 6)°" =
£, ok
. mAn
- - An- .
= el(m n)¢ (cos G)Im n| ) a, . (cos 9)2(m n-k) (sin 6)2k =
L, %ok
. ’ mAn
_ i(m-n)¢ ]m—n 1+cos 206 \mAn-k ,1-cos 26,k
= e (cos 8) Zo ak,k (———7?—-‘f) (—-——73-"—)

)roves the lemma.

m 3.3. The function ¢ on ng is a zonal function in harm(m,n) if

i(m-n)¢ ( )]m—n| P(q—2,]m—n|)

nAn (cos 28).

¢(g) = const. e cos 8

Let us write k = m-n and 1 = mAn. We suppose that k is a fixed
'r and that 1 takes all values 0,1,2,... . Let ¢&. be a zonal

1
on in harm(m,n). Then, by lemma 3.2,
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) @l(g) = eik¢(cos e)lkl p. (cos 28)

1

e Py is a polynomial of degree < 1. For l1 # 12 the functions @l

@l are orthogonal (prop. 2.1). By substituting (3.7) and L
2

8) we conclude from

/2
J Py (cos 26) p. (cos 28) (sin 6)2q_3 (cos 6)2|kl+1 ae =0

0 1 o
utting x = cos 26 it follows that
+1
— -2 k
) p. (x) p, (%) (1-x)% (1+x)l | dx = 0 (1.#1,.).
-1 l1 12 172

Formula (2.12) gives an example of a non-zero function in harm(m,n).
e, by lemma 3.1, there ére non-zero zonal functions in harm(m,n)

by formula (3.8) there exists a non-zero polyﬂomial Py of degree
for every integer 1 > 0. These polynomials p, are determined by

) up to a constant factor. Formula (2.9) shows that

pl(x) = const. Piq-g’lkI)(x).

result, combined with (3.8), proves the theorem.

Theorem 3.3 is implicitly contained in reference [9]. The decom-

tion (3.10) below was first proved by Ikeda and Seto [10].

rem 3.L4. There is an orthogonal decomposition of the space hom(m,n)

n by
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mAn o
(3.10) hom(m,n) = z harm(m-k ,n-k).
k=0

The subspaces in this decomposition are invariant and irreducible under

the group U(q).

Proof. The formulas (2.11) and (2.4) show that harm(m-k,n-k) is con-
tained in hom(m,n) and prop. 2.1 gives the orthogonality of the spaces
harm(m-k,n-k). In order to prove the completeness of the decomposition
we consider the orthoplement V of

mAn

Z harm(m-k ,n-k) in hom(m,n).

k=0
The space V is invariant under U(q).
It will be shown that V has dimension zero by proving that every zonal

function in V is zero (cf. lemma 3.1). Let
o(g) = el(m—n)¢ (cos e)lm-n| p(cos 26)

a zonal function in V. The polynomial p has degree < mAn. ¢ is orthogone
to the zonal functions in harm(m-k,n-k). Hence, by theorem 3.3 and

formula (2.18),

+1
J p(x) Piq_g’Im—n|)(X) (1-x)%2 (1+x)[m_n| dx = 0
-1

for k = 0,1,...,mAn. This proves that p(x) = 0.

Finally, the irreducibility of the decomposition (3.10) will be
proved. Suppose, on the contrary, that V is a non-trivial invariant
subspace of harm(m,n). Then, the orthoplement W of V in harm(m,n) is
also invariant under U(g). By lemma 3.1, both disjoint subspaces V and
W contain non-zero zonal functions ¢ and V, respectively. By theorem 3.3
these functions & and ¥ are equal up to a constant factor. This is a

contradiction.
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llary 3.5. Let N(q;m,n) be the dimension of harm(m,n) and let

m,n) be the dimension of hom(m,n). Then

1) N(gqym,n) = M(q;m,n) - M(q;m-1,n-1) for m,n # 0,
N(q3m,0) = M(q;m,0)  and
N(q;0,n) = M(q;0,n).

rem 3.6. Let N(q;m,n) be the dimension of harm(m,n). Then

(m+n+g-1) (m+g-2)! (n+g-2)!

2) Nlgsm,n) = m! n! (g-1)! (q-2)!

3) ! ; &Y 5= Y Ngsm,n) Xt y" (|x|<1, |y|<1).
(1=x)= (1-y) m,n=0

f. Formula (3.12) is obtained from (3.11) and (2.8). It follows
(3.11) that

(o] [oe]

m n n
) N(gsm,n) x y o= (1-xy) )} M(qim,n) x y".
m,n=0 m,n=0

dmbining this result with (2.9), formula (3.13) is proved.

Formula (3.12) can also be proved from formula (3.5) by using

rem 3.3. Ikeda [8] obtained formula (3.10) by algebraic considerat:
shen proved the irreducibility of harm(m,n) (our theorem 3.L) by
7ing Weyl's dimension formula for irreducible representations of

).

We will need the identity

m n

+) N(gsm,n) = )} ) N(aq-13k,1).
k=0 1=0
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he proof observe that

o T ()T (1@t () (=) T

n
} (Ll ] Wa-13k,1)) x v,
m,n=0 k=0 1=0

The definition below is motivated by theorem 3.3.

ition. For fixed a > -1 functions R(a (1) on the unit disk D of

)
m,n
omplex plane are defined by

(a) R(a,!m-n|)(2r2_1) r|m—n| ei(m—n)¢
m,n mAn

2]

1 n integers > 0).

o

Tor the argument of Ré i we will write
E s

)

easily seen that the functions R;an
H]

1 x and y, orthogonal on D with respect to the measure.

are polynomials of degree

) (1—x2-y2)a dx dy = (1-r2)a r dr d¢.

are N+1 different polynomials Réag of degree N. Hence, the

(a) >

mials R form a complete system of orthogonal polynomials in D

2
‘espect to the measure in (3.16). We collect the four properties

)

characterize the functions Ria
b

in the following proposition.
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osition 3.7. The functions Réai are characterized in a unique way
H]

he following properties.

Qo

Ré i(x+iy) is a polynomial of degree m+n in x and y.
9

For every polynomial p(x,y) of degree < m+n

J J Ria)(x+iy) p(x,y) (1—x2—y2)a dx dy = 0.

,n
D

) Ré?i(ei¢ z) = ei(m—n)¢ Ré?i(z).
R\ (1) = 1.
m,n

(o)

tions in harm(m,n) (cf. theorem 3.3). In Erdélyi ([5], §12.5, §12.6)

For the case a = g-2 the functions R coincide with the zonal
orthogonal system of polynomials in two variables is given with
sct to the measure (3.16). Zernike and Brinkman [16] have noticed
polynomials (3.15) in the case o = 0.

Finally, we will reformulate lemma 3.1 in the case that
harm(m,n). 1

Thus, the second stage of the addition theorem is obtained. It is

analogue of theorem 4, p. 242 in Erdélyi [5].

rem 3.8. Let 81,82,...,8

arm(m,n). Then

be an arbitrary orthonormal base
N(q3m,n)

. N(gq;m,n)
9 N(gézan) R;?;2><<a,n>> = kZO 5,(6) B0 (£,nemy ).

In our next report [12] theorem 3.8 will be specified by con-
>ting a certain canonical orthonormal base for harm(m,n). This will

12e third stage of the addition formula.
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le Laplace type integral representation and the product formula

r zonal surface harmonics.

The proofs of the two formulas mentioned in the title of this
on have a technical detail in common which will be isolated in

'ollowing lemma.

. L4.,1, Let for every n' € Q the function (6,¢,(£',n')) belong

2q-2 :
rm(m,n) if considered as a function of £ = cos 6 el¢ e, + sin § &'

i¢).

1 J 2(6,6,(¢',n')) d
Q

" (n') = const. R;qge)(cos 6 e
- H]
29-2 0q-2

w2q—2

ermore,

1 J 5(6,6,(£' ,n'))
2q-2 ng_g

1 (2m :
= g—-ﬁj J @(S,d), r elw) r(1—r2)q—3 dy dr for qQ = 3’)4’5"“

2m .
-1 1y - -
= 5 JO. o(B8,0,e” ") dy for q = 2.
. Let
s(e) = == | e(e,0,(5T ) aw, (0.
2q-2 QQq-Z

~

3 € harm(m,n). For T € U(q-1) we have

(Tg',Tn') = (€',n') and (Tn') = dw (n')

A2 0g-2

S(Tg) = S(¢) for T € U (g-1). Thus, formula (L4.1) holds because

1 zonal function in harm(m,n) (cf. theorem 3.3 and formula (3.15)).
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For the proof of (L.2) note that

) =

S(cos 8 el¢ e + sin 6 £') = S(cos © oo e, + sin 8 e,

- 1 ' '
el I CEROR DL LY
e 2q-2
he substitutions
-1y 2
n''=re e, + /1-r " (0<r<1, YeR mod.2w, HHEQZq—h)

(n') = r(1-r2)%3 ar ap du__ | (n")

w
d 2q-2 2q-4

formulas (2.16) and (2.18)) formula (4.2) follows for q > 2. In
case q@ = 2 we use
n' = e_iw e and dw,(n') = dy
2 2 ’
In the following only the formulas for q > 2 will be given. The

er analogues in the case g = 2 are left to the reader.

rem 4.2. For ¢ = 3,4,... there is the integral representation
) R(q—g)(cos 8 el¢) — J (cos 6 e'® + i sin o (E',n'))m
m,n oy o Jg
2q-2
o (cos 6 e 45 sin o (E',n'))n dw (n') :

2q9-2
1 c2m . .
= 3= J j (cos 6 e*® 4+ i sin 5 r elw)m °

o {(cos 8 e 1%+ sin o re—m‘b)n ° r(1—r2)q—3 dy dr.
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. Let in (2.12)

= R = +'|
a (a1, ,aq) e, in and
= . = + 1 n! '
b (b1, 9bq> e, in' , where n' ¢ Q2q_2
a. b, + ... +ab =0.
11 qQq

estriction of the polynomial H in (2.12) to qu is

1¢

®(69¢’(€'an')) = (cos 6 e- -

+1sin 8 (g',n')) o

o (cos 6 e—l¢ +i sin 8 (E',n'))n.

ixed n' this function belongs to harm(m,n). Application of lemma kL

formula 4.3, where the multiplicative constant is determined by
tting 6 = 0 and ¢ = O.

Theorem L4.2 suggests that a similar Laplace type formula holds in
ase of non-integer q. In fact, it can be proved by application of

inomial formula that

i a T (em i¢ iy\m
(cos B e ") = o J J (cos e " +1isinbBre lI)) °

i¢ SR L1209 gy ar

o (cos 8 e +1sin6re

2al o > 0. In the special case that m = n formula (L.4) can be

2n as

Ria’o)(cos 20) =

1 (m
= - J J ((cos 9)2 - (sin 6)2 r2 + 1 sin 26 r cos w)n °

2,0-~

o r(1-r") 1 dy dr, a > 0.
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For spherical functions ¢ on a homogeneous space G/K there is the

-known product formula (see Helgason [T], p. 399)

) a(x) o(y) = J o(xky) dk,
K

e x,y € G and dk is the invariant measure on K. We
rmulate this product formula for the functions R

he homogeneous space U(q)/U(q-1).

a 4.3, Let T, and T, € U(q) and put
§ ol .
T1e1 = cos 61 e e, + sin 61 g! and
) <
-1 -4, .
uT2 e1 = cos 62 e e, + sin 62 z'.

(a-

will prove and

2)

in the case

iu the invariant measure on U(g-1) with total measure 1. Then

R(a)
m,n

~

((T,IT.e,,e.)) du(T) =
JU(q_1) 27715128 H

e -+

R J R(a)(cos 8. cos 6
Woao Jg m,n 1 2
4 2q-2

> he 1 1 1
+ sin 61 sin 62(5 ,n')) dwzq_g(n ).

7. Substitution of (L.T) gives

e T—1 1

(T,e,5

(TQTT1e1,e1) = T, e1) =

i¢1
(cos 61 e e + sin 81

_1¢
E', cos B_ e e e
i 2 1

i(8,%0,)
cos 8. e + sin 6

cos 91 - 1

sin eg(g',T'




2k

left hand side of (L4.8) is equal to

) 1(,%05) . -1
n(cos 6, cos 6, e + sin 6, sin 92 (g',7 ¢') au(T).

ion ¢ on § a we have by the invariance of dpy that

2q-2

o(T7'c") au(r) = J o(T"'n') au(T)
a-1) U(g-1)
€ ng_g)' Therefore,

o(r7'z") au(r) =
g-1)

! -1

A (T 'n') 4 (n') au(T) =
2q-2 jTeU(q_1) Inreq " w2q o\" H

(n').

1 1
JQ o(n') dw2q_2

20—
2q-2 “R50 5

econd equality follows from the invariance of the measure

specifying the function ¢ formula (4.8) is proved.

. For q¢ = 3,4,... there are the product formulas

)) r192) (7

1 m,n 2 )) =

SPEL

Ré?;z)((T2TT1e1,e1)) du(T)

(T1,T26U(q), duy invariant measure on U(g-1))
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i id
(q-2) 1 (g-2) 2
(3] =
0) Rm,n (cos 61 e ) Rm,n (cos 5 € )
i(e.+d,)
LI R<q—2)(cos B, cos B, e 172 + sin 6, sin 6, (&',n'))
2 Jg m,n 1 2 1 2
1 2q-2
] -
dwzq_e(n )
1 (2w 19 1¢ .
2 R(q 2>(cos B, e cos 0. e + sin 6, sin 6. r elw)
m, 1 2 1 2
0“0
2. g—
r(1-r )e 3 dy dr.
f. Let & and n € qu and let us write
id)1
= + &3 ' 1
£ cos e1 e e, sin 81 £ (g €Q2q-2)
= + af ' '
n cos 82 e e, sin 62 n (n EQQq-z)'

heorem 3.3, by formula (3.15) and by the invariance of harm(m,n)

. -2 .
function R;qn )((g,n)) belongs to harm(m,n) as a function of &.

]

e, for fixed 6, and 9,5 the function

2
2(6,,0.,(E",n")) =

i(o,+9,)
(q—2)(cos 6 cos 6. e | ° + gin 6. sin 6, (g'yn'))

= Buon 1 2 1

ngs to harm(m,n) as a function of £.
ication of lemma 4.1 shows that there is a "constant' factor c(82,¢2)

that the expression




26

iq;1
cos 6, e ) is equal to

(Q‘g)( ,

C(e2’¢2) Rm,n
scond and third expression in (4.10). By putting 6, = 0 and ¢, =0
tain that

l¢2

_ o(a-2)
c(62,¢2) = Rm,n (cos 62 e ).

ly, formula (L4.9) follows from formula (L.10) and lemma 4.3.

lhe methods of proof in the theorems 4.2 and L4.L4 should be compared
>he methods used by Braaksma and Meulenbeld [1] and Dijksma and
vinder [4], respectively.

lhe analogues of (L.4) and (L4.5) for the product formula are

1 r2m 1¢ 1¢ .
_o | (a) 1 2 : : ivy
== J J R n(cos B, e cos 92 e * sin 6, sin 92 re ")

R ’O)(cos 261) R( > )(cos 292) =
1 (m
=22 R(a’ )(2(cos 8 )2 (cos 8 )2 + 2(sin © )2 (sin 6 )2 r2
T n 1 2 1 2
0-0
. . 2,a-1
+ sin 291 sin 262 rcos ¥ - 1) r (1-r7) day dr

(real o > 0).

-+
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ula (4.12) is derived from (L4.11) in the case m = n. Formula (L4.11
be proved in our next report [12] by integration of the addition
ula for general a. Another method of proof proceeds by analytic
inuation. Formula (4.11) holds for o = 1,2,... (theorem L4.L4) and
efore, by application of a theorem of Carlson (cf. Titchmarsh [14]
86), it holds for complex a with positive real part. See reference
for a similar application of Carlson's theorem. Finally, formula
1) can be obtained from (4.4) by using an identity for Jacobi
nomials due to Bateman. This elementary proof will be published in

her place (cf. the remarks at the end of section 1).
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